We study entanglement entropy of boundary states in a free bosonic conformal field theory. A boundary state can be thought of as composed of a particular combination of left and right-moving modes of the two-dimensional conformal field theory. We investigate the reduced density matrix obtained by tracing over the right-moving modes in various boundary states. We consider Dirichlet and Neumann boundary states of a free noncompact as well as a compact boson. The results for the entanglement entropy indicate that the reduced system can be viewed as a thermal CFT gas. Our findings are in agreement and generalize results in quantum mechanics and quantum field theory where coherent states can also be considered. In the compact case we verify that the entanglement entropy expressions are consistent with T-duality.
Introduction
Entanglement entropy has emerged as an important quantitative measure of the entanglement between parts of a system and it plays a particularly important role in identifying subtle phases in some condensed matter system. The traditional paradigm for entanglement entropy assumes a bi-partition of a system into subsystems A and B. The entanglement entropy of a region, A, is given by the von Neumann entropy formula for the reduced density matrix, ρ A , that is, for the density matrix obtained by tracing over the degrees of freedom of the subsystem B, ρ A = Tr B ρ . Typically, subsystems A and B are defined as geometric regions of the whole system. For example, in two-dimensional conformal field theories (CFT) a typical choice of region A is an interval or a combination of disjoint intervals (see [1] and [2] for reviews). In this paper we will deviate from a precise geometric prescription for the subsystems and, instead, defined them in terms of left-or right-moving modes.
The original studies of entanglement entropy focused on systems in their ground state [3, 4] . Once the entanglement entropy of a subsystem which forms part of a system in its ground state is understood, a natural question is to study the properties when the whole system is in an excited state (see for example [5] ). The interests in entanglement entropy has recently expanded to practitioners of string theory thanks to the pioneering work of Ryu and Takayanagi who proposed a connection between entanglement entropy and gravity [6, 7] in the context of the AdS/CFT correspondence. This development, subsequently, allows to understand a first-law like relationship for the entanglement entropy and the energy of excited states geometrically; this connection arises as an implication of Einstein equations [8] . Note, however, that such relations can be obtained purely in field theoretic terms [9] , [10] but the gravitational picture anticipated their existence naturally. There have also been some recent work discussing excited states in CFT's in various dimensions [11, 12] .
Entanglement entropy has thoroughly been studied in the context of two-dimensional CFT (see reviews [1, 2] ). In 2D CFT the entanglement entropy grows with the logarithm of the subsystem size. If the 2D CFT is defined on a manifold with a boundary, then there exist states called boundary states which are similar to the coherent state of coupled harmonic oscillators. The boundary state admits a Schmidt decomposition with respect to left and right modes of the Hamiltonian. This decomposition precisely exhibits the boundary state as an entangled stated of left and right modes.
In this letter we explore the entanglement and Rényi entropies of boundary states in boundary conformal field theories (BCFT). Boundary states in BCFT are generalizations of coherent states which are typical in quantum mechanics and quantum field theory. Various results have been obtained in the context of condensed matter [13] , including also applications to the entanglement of topologically ordered states [14] .
Our main motivation for studying boundary states stems from their central role in string theory. It is hard to overstate the role of D-branes in string theory; they have provided an invaluable window into nonperturbative aspects of string theory. More importantly, their dynamics underlies entire fields such as AdS/CFT and string phenomenology. In this paper we study the entanglement and Rényi entropies of boundary states for the free and compact boson CFT by integrating over the right-moving degrees of freedom.
The paper is organized as follows. In section 2 we review the simple case of coupled harmonic oscillators as motivation to our main investigation. In section 3 we consider the entanglement entropy of various boundary states. This is the main section of the paper and we consider Dirichlet and Newmann boundary conditions as well a boundary states on a compact space. We conclude in section 4 and relegate a number of notational and technical details to an appendix.
Prelude: Entangled harmonic oscillators
Entanglement is inherently associated with composite quantum systems and quantifies, at some level, the non-local quantum correlations between the different parts of the composite system.
There are various results regarding entanglement entropy in the geometric setup, that is, when one of the subsystems is defined by a geometric region. Since we are interested in understanding entanglement entropy in a non-geometric setup, the best way for us to develop our intuition would be to first consider various situations in the case of coupled harmonic oscillators.
In order to setup our notation, let us consider a pure state |ψ describing a composite system which is divided into two subsystems A and B. The division between the subsystems can be in configuration space or in the Hilbert space. In our case we consider the Hilbert space factorized as H = H A ⊗ H B . By the Schmidt decomposition, there exists orthonormal basis |i A and |i B for subsystems A and B respectively such that |ψ = i λ i |i A |i B where λ i are non-negative real numbers (the Schmidt numbers) satisfying i λ 2 i = 1. In quantum mechanical systems entanglement is encoded in the structure of {λ i }. For instance, if one of the λ i is one and the rest are zero, the state |ψ is a product state, however if all the λ i are the same, the state is maximally entangled.
In order to quantify entanglement we recall that a pure state can also be described by the density operator ρ = |ψ ψ|. This density operator has to satisfy conservation of probability: Trρ = 1. The reduced density matrix for the subsystem A is defined as ρ A = Tr B ρ, here Tr B is the partial trace over the subsystem B. This definition enables us to compute expectation values as O = Trρ A O for all observable measurements within the subsystem A. If the total density matrix, ρ, describes a pure state, it is not in general true that ρ A , obtained by the partial trace, also describes a pure state. Only when the composite system is in a product state the density matrix ρ A describes also a pure state.
There are several quantities for measuring entanglement between the subsystems. We will be mostly interested in the entanglement and the Rényi entropies. Both of these entropies are defined in terms of the reduced density matrix ρ A . The entanglement entropy is given by the von Neumann entropy S = −Tr ρ A lnρ A while the Rényi entropy is defined as S n = 1 1−n ln Trρ n A for non-negative n different from one. The entanglement entropy can be obtained from the Rényi entropy in the limit n goes to 1.
To develop our intuition about integrating over modes, let us consider a simple composite system formed by two coupled harmonic oscillators [3, 4] . The Hamiltonian of such a system is:
As can be seen above, the Hamiltonian contains an interaction term. However, using the normal-modes coordinates, the Hamiltonian can be factorized as the sum of two Hamiltonians of two independent harmonic oscillators. In such coordinates the ground state of the system is the product of two Gaussian states. Namely,
where
This wave function can be expressed as
with e 4η = w − /w + and |φ n the state of a harmonic oscillator of frecuency w = √ w + w − [15] .
The subsystem A corresponds to the first oscillator and the subsystem B to the second one. This is a pure state that is already in the Schmidt decomposition in the factorized Hilbert space H = H osc1 ⊗ H osc2 . The reduced density matrix is obtained by tracing out over the second oscillator
The entanglement entropy is then [3, 4] :
where γ = tanhη. Therefore, for γ = exp(−w/T ) the entanglement entropy (2.5) is interpreted as the entropy of a thermal oscillator * . This result is in precise agreement with our intuition that integrating over degrees of freedoms in a system is akin to putting the system in a thermal bath.
Coupled harmonic oscillators: Beyond the ground state
Having seen that integrating over one oscillator leads to thermal behavior when the original system is in the ground state, a very natural question is to revisit this intuition when the original system is in an excited state. First, one would like to understand some simple excited states such as: low excited states and eventually coherent states. For the case of harmonic oscillators some low excited states and their entanglement entropy were considered in [16, 17] ; our interest is centered on coherent states.
In the case of quantum mechanics, a coherent state of a harmonic oscillator can be defined as an eigenstate of the annihilation operator. Namely, |α such that,
A solution is generally of the form
Since these states are eigenstates of the momentum operator we can view them as simply shifting the ground state. In the context of the Hamiltonian Eq. 2.1, one can consider the entanglement entropy on a coherent state after tracing over one of the harmonic oscillators. The key observation in the computations comes from the simplification given by the fact that the coherent state wave function of two-coupled harmonic oscillators, written in terms of normalmode coordinates (x ± ), can be expressed as a product of two Gaussians representing the ground states of individual oscillators
where the constants a and b are complex numbers denoting the displacements of the ground states in the phase space. This wave function can be expanded as in equation (2.3). Then the entanglement entropy is given by Eq.(2.5). Therefore, the entanglement entropy for general coherent states of two coupled harmonic oscillators is the same as that of the ground state [16, 17] , quite surprisingly. It is possible to argue, a posteriori, that the coherent states are, in the sense of the uncertainty principle, very classical and, therefore, do not contribute to quantum entanglement beyond that already present in the vacuum state. We will see that a modified version of this statement holds true for boundary states in 2d CFT.
Entanglement entropy for boundary states of free boson
Conformal field theory plays an important role in string theory where it arises as a twodimensional field theory on the world-sheet of the string. A key role within string theory is played by D-branes whose conformal field theory realization is in terms of boundary states. From the spacetime point of view, D-branes are extended objects where the endpoints of the open strings can end. D-branes play a fundamental role in the formulation of nonperturbative string theory and are essential in string phenomenology. When the open string moves on the 10D space-time, it spans an infinite strip, with spatial coordinate σ ∈ [0, π] and temporal coordinate τ ∈ (−∞, ∞). An alternative view is provided by first defining the complex coordinate w = σ + iτ and then performing the conformal map z = e −iw . Under this map, the infinite strip is transformed to the upper-half plane (Imz ≥ 0) and the end points of the open strings are mapped to the real axis (Imz = 0). Therefore, from the point of view of the two-dimensional world-sheet, the D-brane is described by a boundary conformal field theory (BCFT), that is, a CFT with extra data given at its boundary (Imz = 0). Different D-branes are defined by the boundary conditions the bosonic space-time coordinates X(z,z) satisfy on the real axis. 
. This describes the process of a closed string that is emitted at a boundary state |B 1 then propagates to other boundary state |B 2 and it is absorbed there. These two forms for describing the interaction between branes are equivalent and the amplitudes in the open and closed string channels are the same. This requirement is some times called the loop-channel-tree-channel equivalence and it fixes t = 1/2l. In this context, the open string boundary conditions can be described in terms of boundary conditions for boundary states |B . For the boundary located at τ = 0 the possibilities are:
and
where X(τ, σ) is the closed string field that maps the worldsheet to the spacetime and is defined in the appendix.
Entanglement entropy for Neumann boundary state
Expanding X(τ, σ) in terms of Laurent modes the boundary condition (3.1) is expressed as
for any integer n and α n andα n are the left (L) and right (R) oscillator modes respectively. The relation p = 0 express the usual condition of vanishing momentum flow through the boundary. A solution to this equation is
the normalization is determined by the loop-channel-tree-channel equivalence. Equation (3.4) can be expressed as [18, 19] 
where the states
are a complete orthonormal basis for H L and H R , respectively and U is an anti-unitary operator acting on Hilbert space H R . The form of Eq. 3.4 allows us to identify the boundary state as a coherent state in the Hilbert space H L ⊗ H R while Eq. 3.5 could be thought of as a Schmidt decomposition of the boundary state with all the coefficients of the decomposition the same (λ i = N ), thus expressing maximal entanglement between left and right modes. Similar maximally entangled states have been discussed recently in [11, 12] .
Given a coherent state |B it is natural, in the context we are discussing, to study the associate density matrix, ρ = |B B|. However, the above naïve definition of ρ does not satisfy Trρ = 1. The main culprit is that the standard inner product B| B diverges [18] as can be seen from the limit l → 0 of the tree-level amplitude Z c (l).
More precisely, the conformal boundary state |B is scale invariant and that is the main reason for its non-normalizability [18] . To remedy this situation we will follow a fairly established prescription first introduced, to the best of our knowledge, by Takayanagi and Ugajin in [20] . This prescription has recently been used by Cardy in [21] and consists in introducing a finite correlation length by considering instead: e −ǫH |B . This choice has been further argued for in [22, 23] on phenomenological grounds connected to quantum quenches and by representing an action on |B with the most irrelevant operator † . We define, therefore, the density matrix, accordingly as
where A is a constant that is fixed by requiring Trρ = 1. The Hamiltonian, H, is the closed string Hamiltonian described in the appendix. A expression similar to Eq. 3.7, has been studied in [20, 21] in the context of quantum quenches and in [11] for excited states defined by local operators. Another way of thinking of ǫ, as originally suggested in [20] is to view it as parametrizing a UV filter. In this case if the UV cutoff or lattice spacing of the field theory is a U V , one would need ǫ ≪ a U V . Alternatively, one can think of ǫ as used to infinitesimally evolved the state |B using the Hamiltonian H. This evolution allows to make B| B formally finite thus allowing us to correctly normalize the density matrix corresponding to the evolved |B .
The reduced density matrix ρ A = Tr B ρ, which is made on the right-modes (system B), is † In the applications described in [22, 23] , the state has been denoted by e −(β/4)H |B as corresponding to a quench.
given in Eq.(A.8). The corresponding von Neumann entropy is
where Z = l=1 1 1−q l with q = e −8πǫ . We recognize Z as the partition function of a gas of photons if βω 0 = 8πǫ ‡ . In such case the entropy reduces to the thermodynamical entropy
This entropy was already recognized in [20] as the entropy corresponding to a thermal CFT gas at the effective temperature T ef f = 1/4ǫ. Note that this is precisely compatible with the interpretation of Cardy in [21] . To get more insight into the system A, we compute trace of ρ n A which is given as
where Z c (2ǫn) is the tree-level amplitude (in the closed channel) on circle propagating between the two boundaries along an imaginary time 2ǫn. The proportionality constant is irrelevant since it cancels when expressing Z c in terms of the Dedekind eta function. For ǫ → 0, the factor q = e −8πǫ approaches to unit. To further proceed, we use the loop-channel-tree-channel equivalence to express Z c (2ǫn) as a partition function in the open string channel with the factor q = exp(− π 2ǫn
). As ǫ goes to zeroq goes to zero, so the leading term is the ground state. In such case Trρ
The entanglement entropy is given by the limit when n goes to one of the Rényi entropy and one gets:
This way we have managed to obtain some corrections to the leading term in expression Eq. 3.9. The second term in the above expression Eq. 3.12 is the boundary entropy of the boundary state defined in Sec.4 with negative sign [24, 25] . Although the boundary entropy is generically derived in the limit of ǫ → ∞ (see [26] and a detailed discussion in [19] ), it is plausible that modular invariance brings back such contribution. Let us comment on the leading term. Normally, the divergences in the entanglement entropy are attributed to arbitrarily high energy correlations between nearby degrees of freedom on the two sides of the curve dividing the subsystems A and B. Since we are not geometrically separating subsystems A and B we can not claim those correlations as the source of our divergence. However, it could be argued, as in most field theories, that the divergence com from allowing arbitrarily high energy degrees of freedom to be traced over. Namely, we can track the divergence to the fact that we sum over all modesα n which have increasingly higher and higher energy. ‡ Recall that the partition function of a gas of photons is given by Z = exp(−βn ω o ) = 1/(1 − e −β ω0 ). Moreover, the full partition function is then obtained by multiplying the result for one frequency mode over all possible frequencies.
Entanglement entropy for Dirichlet boundary state
The other possibility for boundary conditions on the end points of the open string is the Dirichlet condition. When expressed in terms of the oscillator modes of the closed string as:
where x is the center of mass position of the closed string. According to the equation on the right the Dirichlet boundary state carries arbitrary momentum p. The solution is
After a Fourier transformation, the boundary state localized in a is:
|B, a = dp e ipa |B, p . The density matrix has now the form 
The contribution of the zero modes to the boundary state cancel the constant terms and factors powers of ǫ present in the Neumann case; a similar behavior was observed in [13] . Hence the entanglement entropy is only thermal. There is no contribution of the boundary entropy as expected since the normalization constant of the Dirichlet brane is one.
Entanglement Entropy for boundary state of a compact boson
We now consider the boundary state when the spatial dimension is compactified on a circle of radio R. As an effect of such compactification, the left and right zero modes of the closed string field are not in general the same and their eigenvalues take discrete values.
For Neumann boundary conditions the boundary state now satisfies:
The first condition fix p L = −p R therefore m = 0 and the Neumann boundary state has only winding modes k and a Wilson line w.
The density matrix is defined as equation (3.7). The result for the Rényi is computed in appendix. After the open-closed equivalence and in the limit for ǫ going to zero
From here S
For Dirichlet boundary conditions the boundary state satisfy
The first condition restrict p L = p R therefore k = 0 and the boundary state carries only momentum along the compact direction. A solution is the boundary state at position a
The density matrix is defined as before and by the same procedure as above one gets
We can see that equations (3.19) and (3.21) are compatible with T-duality: R → 2 R
. The results have some resemblance to the calculations presented in [27] , even though the context is quite different.
Conclusions
In this paper we have investigated the effects of tracing over the left-moving degrees of freedom of various boundary states. In particular we have considered Dirichlet and Neumann boundary states of a free boson CFT. We have also performed similar calculations for the compact boson. In the latter case we verify that the entanglement entropy is compatible with T-duality.
Our choice of division of the system into subsystems A and B does not follow the more traditional geometric delimitation. Rather, we have decomposed the Hilbert space into left-and right-moving degrees of freedom. Our approach generalized the intuition developed in quantum mechanics of tracing over a set of harmonic oscillators for a system of many coupled oscillators. This approach is, perhaps, more akin to recent investigation of momentum entanglement [28] , [29] , [30] . However, it is quite natural, in the context of 2d CFT to trace over left-or rightmoving modes.
There are a few questions that our work suggests. One of them is the extension of our calculations to more general boundary states in arbitrary CFT's. What we envision is a calculation in an arbitrary BCFT using the more abstract description presented, for example, in [25] . Many of the key ingredients in our computation are available in the general case. We hope to return to this question in the future. It is plausible that a universal formula, such as the one for the entanglement entropy of a segment (S ∼ c/3) could emerge, although conceivably there should be some dependence or more than just the central charge, as we have seen explicitly in the case of the free boson CFT.
It would also be interesting, and we hope to return to this question soon, to discuss the boundary states that appear in string theory with all its decorations. Extending our calculations to string theory D-branes should help us make a bridge to p-branes in supergravity and potentially gain some insight into the Bekenstein-Hawking entropy of such configurations.
where in our specific case c =c = 1. In the case of compactification X(τ, σ+2π) ∼ X(τ, σ)+2πR and the left and right momenta are not in general the same. They are now
where m is the momentum and k is the winding quantum numbers, respectively. The ground state is characterized by these two integers: m and k. Hereafter denotes the oscillator vacuum with zero-mode parameters m and k.
The closed string Hamiltonian is
The tree-level amplitude describing the interaction of two boundary states is Z c (l) = B| e −2πlH |B , (A The reduced density matrix ρ A for the Neumann boundary state is given as (A.8)
The above expression for the density matrix lead us, naturally, to the concept of boundary entropy which is obtained in the large ǫ limit [26] . Recall that the boundary entropy of the boundary state |B is defined as s = lng , (A.9) with g = 0| B = N . The reason we do not see explicitly the boundary entropy in our calculations is because we work in the opposite limit, namely, ǫ → 0, where the contribution of the ground state need not dominate the density matrix. This matrix is diagonal and The prescription given for the non-compact case works also for the compact case. For the Neumann state A = N .
